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§9.5 D��A(¢é¡)Ý
�j(��)�qIO/

½Â. �AÚB´ê�Fþ��
, XJ�3j
(½¢��
)U¦�U−1AU = B, K

¡AÚB�j�q(½���q).

½Â. �E
H = (hij)n×n, XJH
t
= H , K¡H�D��A(Hermite)
.

`². ��D��A
�é����Ñ´¢ê, ��¢�D��A
´¢é¡
, ¤±¢

é¡
´D��A
���A~.

½Â. �V ´SÈ�m, H´V þ�5C�, XJ

(H(α), β) = (α,H(β)), α, β ∈ V

K¡H�V þ�D��AC�(½é¡C�).
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· K. �H´ S È � mV þ � 5 C �, e1, e2, · · · , en´V � � � I O � � Ä, H3

Äe1, e2, · · · , ene�Ý
�H = (hij)n×n, KH´D��AC��¿©7�^�H´D�

�A
.

y². duH3Äe1, e2, · · · , ene�Ý
�H = (hij)n×n, ¤±

H(ei) =
n∑

k=1

hkiek (i = 1, 2, · · · , n)

2due1, e2, · · · , en´V ���IO��Ä, ¤±

(H(ej), ei) = (
n∑

k=1

hkjek, ei) = hij (ej,H(ei)) = (ej,
n∑

k=1

hkiek) = hji

Ïd�H´D��AC��, Ké¤ki, j = 1, 2, · · · , n, Ñk(H(ej), ei) = (ej,H(ei)); dd

íÑÝ
H = (hij)÷vhji = hij, =H
T

= H , ¤±H = (hij´D��A
.
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��, �H = (hij´D��A
�, Khji = hij, ddíÑéu¤ki, j = 1,2,· · · , n, Ñ

k(H(ej), ei) = (ej,H(ei)), éu���þα, β ∈ V , due1, e2, · · · , en´V ���IO��
Ä, ¤±

α =
n∑

i=1

xiei, β =
n∑

i=1

yiei

u´

(H(α), β) = (
n∑

i=1

xiH(ei),
n∑

j=1

yjej)

=
n∑

i=1

n∑
j=1

xiyj(H(ei), ej)

=
n∑

i=1

n∑
j=1

xiyj(ei,H(ej))

= (
n∑

i=1

xiei,

n∑
j=1

yjH(ej))

= (α,H(β))

¤±(H(α), β) = (α,H(β)). �d, =H´D��AC�.
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·K. �H´V þ�D��AC�, Ké?Ûv ∈ V , (H(v), v)7�¢ê.

y². dD��AC��½ÂíÑ(H(v), v) = (v,H(v), dSÈ½ÂíÑ(H(v), v) =
(v,H(v), ¤±(H(v), v) = (H(v), v) Ïd(H(v), v)´¢ê.

·K. �H´V þ�D��AC�, KH�A��Ñ´¢ê.

y². �λ´H���A��, α´�A�A��þ, K

λ(α, α) = (α, λα) = (α,H(α)) = (H(α), α) = (λα, α) = λ(α, α)

Ï�A��þα 6= 0, ¤±(α, α) 6= 0, ddíÑλ = λ, =λ´¢ê.
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·K. �H´SÈ�mV þ�D��AC�, KáuØÓA���A��þ��.

y². �λ, µ´H�ØÓA��, α, β´�A�A��þ. K

λ(α, β) = (λα, β) = (H(α), β) = (α,H(β)) = (α, µβ) = µ(α, β)

duH�A��´¢ê, ¤±µ = µ. qÏ�λ 6= µ, ¤±(α, β) = 0.

·K. �V1´H�ØCf�m, KV ⊥
1 �´H�ØCf�m.

y². éuu ∈ V ⊥
1 , v ∈ V1, duV1´H �ØCf�m, ¤±H(v) ∈ V1, Ïd

(H(u), v) = (u,H(v)) = 0

¤±H(u) ∈ V ⊥
1 , =V ⊥

1 ´H �ØCf�m.

öS. SK9.5: 1,6.
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½n. �AEÝ
, 7�3j
U , ¦�;

U−1AU =


λ1 ∗ · · · ∗
0 λ2 · · · ∗
... ... · · · ...
0 0 · · · λn

 = T.

Ù¥T´þn�
, é����λ1, λ2, · · · , λnT´A��ÜA��.

y². éA��ên^8B{. �n = 1�, A´Eê, ½n�,¤á.

8Bb�½né(n − 1)�E
¤á. y3�A´n�E
. 3Eê�C¥, AokA�
�, ��λ1, �A�A��þ��α1. u´3Cn¥, dα1 Ñu, �±¼��|IO��
Äu1, u2, · · · , un, Ù¥u1 = α1

‖α1‖ , �Au1 = λ1u1. �Aui =
n∑

k=1
tkiuk(i = 2, 3, · · · , n), �¤Ý


=�

A(u1, u2, · · · , un) = (u1, u2, · · · , un)


λ1 t12 · · · t1n

0 t22 · · · t2n
... ... · · · ...
0 tn2 · · · tnn

 .
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PU1 = (u1, u2, · · · , un), §´j
, �

U−1
1 AU1 =

(
λ1 t
0 B

)
Ù¥B´(n− 1)�E
, t = (t12, · · · , t1n).
^8B{b�, �3(n− 1)�j
U2, ¦�

U−1
2 BU2 =


λ2 ∗ · · · ∗
0 λ3 · · · ∗
... ... · · · ...
0 0 · · · λn


-

U3 =

(
1 0
0 U2

)
, U = U1U3

duU1, U3´n�j
, ¤±U´n�j
.
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U−1AU = U−1
3 U−1

1 AU1U3 = U−1
3

(
λ1 t
0 B

)
U3

=

(
λ1 ∗
0 U−1

2 BU2

)
=


λ1 ∗ · · · ∗
0 λ2 · · · ∗
... ... · · · ...
0 0 · · · λn


¤±A�þn�
Tj�q, duAÚTk�Ó�A��, ¤±T�Ìé������A�A

��.

öS. 9.5: 3.

·K. �H´D��A
, U´j
, KU−1HU´D��A
.

y². du

U−1HU
T

= U
T
HU

T

= U
T
H

T
(UT )T = U−1HU

¤±U−1HU´D��A
.
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½n. ��E
H´D��A
�¿©7�^�H�A��Ñ´¢ê¿�Hkn�A��

þu1, u2, · · · ,un ¦�u1, u2, · · · ,un�¤Cn�IO��Ä.

y². (7�5) duHj�qu��þn�
, ¤±�3j
U , ¦�U−1HU = T´þn

�
, duH�D��A
, ¤±T�´D��A
, =T
t
= T , ddíÑT´é�
, �é

��þ���Ñ´¢ê.

XJPU = (u1, u2, · · · , un)ÚT = diag{λ1, · · · , λn}, duU´j
, ¤±§���þ
|u1,u2,· · · ,un�¤Cn �IO��Ä, dHU = UT íÑ

Hui = λiui (i = 1, 2, · · · , n).

(¿©5)�u1, u2, · · · , un´H�A��þ��¤Cn�IO��Ä, KU = (u1, · · · , un)´
j
, duHkn��5Ã'�A��þ, ¤±H�qé�
, =U−1HU = T´��é�

¿�é��þ��Ñ´H�A��(Ñ´¢ê), ¤±T´��¢é¡Ý
, ÏdT´��D
��A
, duH = UTU−1, ¤±H´��D��A
.

íØ. XJA´¢é¡
, K�3��
O¦�

O−1AO = diag{λ1, · · · , λn}

Ù¥λ1, · · · , λn´A�A��.
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• éu¢é¡Ý
A, ¦��Ý
OÚé�
Λ¦�O−1AO = Λ��{:

(1) ¦ÑA�¤kØÓA��λ1, · · · , λs. =¦ÑA�A�õ�ª

∆A(λ) = (λ− λ1)
d1(λ− λ2)

d2 · · · (λ− λs)
ds

��.

(2) éuz�λi(i = 1, 2, · · · , s), ¦Ñ§�A�f�m

Vλi
= {X ∈ Rn|(λiE − A)X = 0}

�Äαi1, αi2, · · · , αidi
. =¦�5�§|(λiE − A)X = 0�Ä:)X.

(3) éui = 1, 2, · · · , s, òαi1, αi2, · · · , αidi
��z, ü z�Vλi

¥IO��Äui1, · · · , uidi
.

(4) éui = 1, 2, · · · , s, ò§�Ü¿å5�ÑO = (u1, u2, · · · , un)ÚΛ = diag{λ1, · · · , λn}
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~. �

A =


0 1 1 −1
1 0 −1 1
1 −1 0 1
−1 1 1 0


¦��Ý
O, ¦�O−1AO�é�
, ¿¦Ñdé�
.

). (1) A�A�õ�ª

|λE − A| = A =


λ −1 −1 1
−1 λ 1 −1
−1 1 λ −1
1 −1 −1 λ

 = (λ− 1)3(λ + 3)

¤±A�A���λ = 1,−3
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(2) ¦A��λ1 = 1�A�f�mV1�Ä, )àg�§|(1E − A)X = 0, =
1 −1 −1 1
−1 1 1 −1
−1 1 1 −1
1 −1 −1 1




x1
x2
x3
x4

 =


0
0
0
0

 ,

§�Ä:)XÒ´V1�Ä

α1 =


1
1
0
0

 , α2 =


1
0
1
0

 , α3 =


−1
0
0
1
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¦A��λ2 = −3 �A�f�mV−3�Ä, )àg�§|(−3E − A)X = 0, =
−3 −1 −1 1
−1 −3 1 −1
−1 1 −3 −1
1 −1 −1 −3




x1
x2
x3
x4

 =


0
0
0
0

 ,

§�Ä:)XÒ´V−3�Ä

α4 =


1
−1
−1
1
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(3) òV1¥Ä�þα1, α2, α3��z, �

β1 = α1 =


1
1
0
0

 , β2 = α2 −
α2, β1)

(β1, β1)
β1 =


1
2
−1

2
1
0



β3 = α3 −
(α3, β1)

β1, β1)
β1 −

(α3, β2)

(β2, β2)
β2 =


−1

3
1
3
1
3
1
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òβ1, β2, β3ü z

u1 =
β1

‖β1‖
=


1√
2

1√
2

0
0

 , u2 =
β2

‖β2‖
=


1√
6

− 1√
6

2√
6

0

 , u3 =
β3

‖β3‖
=


− 1√

12
1√
12
1√
12
3√
12


òV−3¥Ä�þα4��z:

β4 = α4

òβ4ü z

u4 =
β4

‖β4‖
=


1
2
−1

2
−1

2
1
2
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(4) �Ñ��


O = (u1, u2, u3, u4) =


1√
2

1√
6

− 1√
12

1
2

1√
2
− 1√

6
1√
12

−1
2

0 2√
6

1√
12

−1
2

0 0 3√
12

1
2


Úé�


O−1AO =


1

1
1
−3


`². éu¢é¡
A, �3��
O¦�O−1AO�é�
, ¯¢þ·���¦|O| = 1.
Ï�XJ|O| = −1, K��é�
S = diag{−1, 1, 1, · · · , 1}. §w,´��
. u´

�Q = OS. ����
�È, §E´��
, �´|Q| = |O||S| = 1, ¿�Q−1AQ = O−1AO.
öS. 9.5: 2(2),4,5.
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• ¯K: ��EÝ
j�qué�
�^�

½Â. n�E
N , XJ÷vN
t
N = NN

t
, K¡N��5
.

~. D��A
(½¢é¡
)H , j
(½¢��
)U , �D��A
K (÷v^�:K
t
=

−K)Ñ´�5


). �ÓÆ�gC�y.

~. N =

(
1 1
−1 1

)
´�5
.

).

N
t
N =

(
1 −1
1 1

) (
1 1
−1 1

)
=

(
2 0
0 2

)
=

(
1 1
−1 1

) (
1 −1
1 1

)
= NN

t

5¿. NØ´þãn«a.�Ý
.
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½n. E
Aj�qué�
�¿©7�^�´A��5
.

y². e¡´ù�½ny²�Ú½, �ÓÆ��Ñ�[y².

(1) XJU´j
, A´�5
, KU−1AU´�5


(2) XJA´EêÝ
, KAj�qþn�


(3) XJ��þn�
R´�5
, KR ´é�
.


